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Resul t s  of inves t iga t ion  into the poss ib i l i ty  of e xp r e s s i ng  the t e m p e r a t u r e  f ield of a turbine 
r o t o r  in t e r m s  of gene ra l i z ed  functions of t e m p e r a t u r e  for  use in the ana lys i s  of nonsteady 
the rma l  p r o c e s s e s  a r e  p r e sen t ed .  

Inves t iga t ion  of the t he rma l  s ta te  of s t eam turbine r o t o r s  by approx imate  ana ly t i ca l  methods and by 
e l e c t r i c a l  s imula t ion  has been the subject  of numerous  publ ica t ions .  The mos t  comprehens ive  survey  of 
this  p r o b l e m  is given in [1]. 

It must  be kept  in mind that the a s s e s s m e n t  of the t he rma l  s ta te  of r o t o r s  during s t a r t s  f rom va r ious  
s t a t e s  n e c e s s i t a t e s  the inves t iga t ion  of a v i r tua l ly  infinite number  of t r ans i t iona l  condi t ions.  Inves t igat ion 
of the the rmal  state of even a s ingle type of r o t o r  r e q u i r e s  a lengthy p r o g r a m m i n g  of an analog compute r .  

There  e x i s t s ,  t h e r e f o r e ,  an undoubted i n t e r e s t  in devis ing  a method of solving the p r ob l e m  on an analog 
computer  which would subsequent ly  p e r m i t  the de te rmina t ion  of t e m p e r a t u r e  va r i a t ion  at the most  c h a r a c -  
t e r i s t i c  points  under any t r ans i t iona l  condit ions and during s t a r t s  f rom any in i t ia l  s t a t e s  without r e s o r t i n g  to 
fur ther  s imula t ion .  

The theory  of t h e r m a l  conductivi ty [2] shows that  in p r o b l e m s  of s imple  heating (cooling) of bodies of 
conventional fo rm,  it is  poss ib l e  to find for  individual points  of such bodies  ce r t a in  functions of t e m p e r a t u r e  
0 = f(Bi, Fo) which we shal l  ca l l  gene ra l i zed  functions.  

Although in one -d imens iona l  p r o b l e m s  re l a t ed  to bodies of conventional form with constant  boundary 
condit ions 0 = f(Bi, Fo),  it  may not be so in the case  of a r o to r .  In p r o b l e m s  of heating (cooling) of r o t o r s ,  
owing to the expans ion_process ,  boundary conditions va ry  f rom stage to s tage ,  and it is not poss ib l e  to a s s e r t  
a p r i o r i  that functions 0 of only Bi and Fo,  der ived  f rom the heat  exchange condit ions at the su r face  in the 
v ic in i ty  of a given point ,  can be found when boundary condit ions at individual  c h a r a c t e r i s t i c  points  of a r o t o r  

a r e  constant .  

However ,  the fact  that the medium t e m p e r a t u r e  and the coeff ic ients  of heat  exchange at the sur face  
of a r o t o r  change smoothly  f rom stage to stage suppor ts  the assumpt ion  of the poss ib i l i t y  of de te rmin ing  
the fo rm of function 0 for  c h a r a c t e r i s t i c  points  of a r o t o r  f rom r e s u l t s  of s imula t ion  on an analog compute r  
of a number  of heating modes  with fixed boundary conditions co r respond ing  to c e r t a i n  p a r t - l o a d  opera t ions  
and for  d i f ferent  in i t ia l  p a r a m e t e r s  of s t eam at the turbine inlet .  

The working pa r t  of a mul t i s t age  r o t o r  may be cons ide red  as cons is t ing  of consecut ive ly  connected 

s i m i l a r  e l emen t s  (see shaded sec t ion  in F ig .  1). 

To find the fo rm of function O for each c h a r a c t e r i s t i c  point of the object  under  inves t iga t ion  it is 
n e c e s s a r y  to de t e rmine  the r e l a t ive  impor tance  of the effect  of a l l  f ac to rs  on the t e m p e r a t u r e  at a given 
point .  F o r  a r o t o r  subjec ted  to heat  exchange along i ts  ex te rna l  su r face  only, it  is  na tura l  to expect  the 
heat  exchange at  the su r face  in p rox imi ty  to the cons ide red  point to be of pa ramount  impor t ance .  Fo r  l ike 
points  of s i m i l a r  e l e m e n t s ,  e .g . ,  points  100, 98, 96, . . . ,  88, and 86 in the r o t o r  bo re ,  or  points  49, 53, 57, 
. . . .  73, and 77 along the ex te rna l  g e n e r a t r i x  of d iaphragm seal  sec t ions ,  e tc . ,  (see Fig .  1), we de t e rmine  a 
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F i g .  1. D i a g r a m  of a m u l t i s t a g e  r o t o r  of a s t e a m  t u r -  
b ine .  
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F i g .  2. G e n e r a l i z e d  func t ions  of t e m p e r a t u r e  0 = f(Bi) 
wi th  F o  a s  p a r a m e t e r  f o r  p o i n t s  of the  r o t o r  s u r f a c e  
in the r e g i o n  of d i a p h r a g m  s e a l s :  1) Fo  = 0.04; 2) Fo  
= 0.08; 3) Fo  = 0.16; 4) Fo  = 0.32; 5) Fo  = 1.2; O)  
p o i n t  65; V) po in t  73; A) po in t  77; [~) po in t  61; x)  
p o i n t  49; o) po in t  53; v) h .  

number of numerical values of functions 0- at 

specific instants of time from results of analog 

computation as 

U - - U  r 

Um-- Ur 

The d i f f e r e n c e  be tw e e n  the m e d i u m  m a x i m u m  
temperature at the boundary of the investigated 
zone and the minimum temperature of the medium 

or body- possible in the simulation of this problem 
was taken as 100% of the potential. 

It was found that for various Bi and fixed Fo 
at like points of the same rotor elements fit well 

a single curve. As an example, curves of O = f(Bi) 
are shown in Fig. 2 for several values of Fo and 

points 49, 53, 57, 61, 65,73, and 77of the outer 

generatrix of diaphragm seals. We point Out that 

different conditions of heat exchange (the Blot 
number and the temperature of the medium) at the 

considered points were obtained in different heat- 

ing problems, and are also due to the natural 
'variation of heat exchange conditions along the 
working part (of the rotor). Data pertaining to 
Figs. 2 and 3 are summarized in Table i. 

Similar generalized functions 0-= f(Bi) with 

Fo as parameter apply, also, to other similar 

points along rotor stages and at end seals. 

Using the method of least squares and knowing a number of values of function 0- for certain values of 

Fo and given Bi, it is obviously possible to determine the form of the approximating function O = f(Fo) with 

Bi as parameter (see, e.g., Fig. 3). We note that when the form of function 0 = f(Fo) with Bi as a fixed 

parameter is determined in this way, an interpolation of this function with respect to its values at other Bi 
becomes necessary. 

If the initial temperature distribution is either uniform or an analytic function, which corresponds to 

a stationary thermal state and constant temperature of the medium, the variation of the generalized function 
of temperature at a given point is independent of the medium temperature and of the initial temperature 
distribution. The analysis of results of this investigation confirms the validity of this statement also for 

bodies of complicated shapes. Let us consider individual points of curves in Fig. 2, where, e.g., experi- 

mentally obtained temperatures t m = 551~ of the medium and t r = 473~ for Bi = 1.95, tm= 563~ and t r 
= 408~ for Bi = 5.69, t m = 622~ and tr = 599~ for Bi = 8.3, etc., correspond to points along curve 3. 

Since the investigations have shown that at like points of similar elements of a multistage rotor the 

generalized functions 0 = f(Bi, Fo) are identical, the investigation of the thermal state of a rotor requires 
the construction of a comparatively limited number of sets of generalized functions. Moreover, since at 

points of plane cross sections normal to the axis 0- = f(Bi, Fo), the temperature field of the rotor can be de- 
termined by calculating the temperature variation at n plane sections. 

A comparison of generalized functions of temperature for the front-end seal region with those for an 
infinitely long cylinder [2] is of interest. It will be seen that the generalized functions of temperature for an 
infinitely long cylinder and those for the end-seal region (see Fig.3A)arevirtually identical, since the ther- 
mal state of the extended part of the latter (points 175-191 in Fig. i) approaches that of an infinitely long 

cylinder. Temperature differences at selected points of a turbine rotor can be readily estimated for any 
conditions of simple heating by comparing the variation of 0 = f(Bi, Fo) at such points. 

The generalized functions of temperature for characteristic points of the investigated region, derived 

by simulating a number of problems of simple heating and cooling, make at the same time possible the cal- 
culation of temperature variation at such points for any conditions of complex heating. 
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TABLE i. Summary of Data on Boundary and Initial Conditions at 

Characteristic Points of a Rotor for which Generalized Functions 

of Temperature are Shown in Figs. 2 and 3 
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12 548 734 
2,94 413 507 
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1,42 443 
5,69 563 
90,9 673 

Bi tr , ~ t m ~ K  

0,61 413 / 663 
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Bi t r , ~ trns~ 

10 473 719 
2,5 413 498 

The method of so lv ing  complex  heat ing  p r o b l e m s  with t i m e - v a r i a b l e  boundary  condi t ions  of the th i rd  
k ind  by us ing  g e n e r a l i z e d  func t ions  is  ba sed  on the following p r o p o s i t i o n .  I nves t i ga t i ons  c a r r i e d  out on 
m o d e l s  of v a r i o u s  s t e a m  tu rb ine  s t r u c t u r a l  e l e m e n t s  have  s h o w n a n  a bse nc e  of d i s t o r t i o n  of the t e m p e r a t u r e  
f ie ld ,  when a p i e c e - w i s e  func t ion ,  with the app rox ima t ing  0~3i not exceed ing  • of ac tua l  v a l u e s ,  is  s u b -  
s t i tu ted  for  the con t inuous ly  v a r y i n g  funct ion a = f(T). Hence  it is p o s s i b l e  to c o n s i d e r  the p r o b l e m  of c o m -  
p lex  hea t ing  du r ing  the t ime  i n t e r v a l  of cons t an t  a31 as  one of s i m p l e  hea t ing  with s t e p - w i s e  t r a n s i t i o n  to 
new condi t ions  at the b o u n d a r i e s  in the next  fol lowing t ime  i n t e r v a l .  

Noting that ,  as  shown by inves t iga t ions  , t h e  r e l a t i ve  t e m p e r a t u r e  O is  independen t  of the in i t i a l  and 
the m e d i u m  t e m p e r a t u r e s ,  f r o m  the value  of 0 t = f(Bil ,  F~  obta in ing  at  the end of the f i r s t  t i m e  i n t e r v a l  
1"1 we d e t e r m i n e  a f ic t i t ious  t ime  T2f c o r r e s p o n d i n g  to the s a m e  01 but at  a new va lue  of (~32(Bi2). Then  f r o m  
func t ion  0 = f(Bi2, Fo) we d e t e r m i n e  the g e n e r a l i z e d  t e m p e r a t u r e  at the g iven point  and in the i n t e r v a l  of 
t ime  A~- 2 f r o m  72f to T 2 = T2f + AT 2, and so on. The du ra t i on  of the t ime  i n t e r v a l  AT 2 c o r r e s p o n d s  to the 

s e c t o r  of cons tan t  a32. 

The v a r i a t i o n  of t e m p e r a t u r e  at  c e r t a i n  po in t s  of a r o t o r  u n d e r  s t a r t i n g  condi t ions  with s l id ing  p a r a m -  
e t e r s  computed  by g e n e r a l i z e d  func t ions  and by e l e c t r i c a l  analog  me thods ,  as wel l  as  the v a r i a t i o n  of the 
m e d i u m  t e m p e r a t u r e  and of the heat  exchange coef f ic ien t  in  the ne ighborhood of c e r t a i n  po in ts  of the r o t o r  
a r e  shown in F ig .  4. The c o m p a r i s o n  shows that at  v a r i o u s  po in t s  of the r o t o r  su r f ace  and ins ide  it  the 
d i s c r e p a n c y  be tween  computed  v a l u e s  and those m e a s u r e d  in d i r e c t  e l e c t r i c a l  s i m u l a t i o n  of this  p r o b l e m  do 

not exceed  the l i m i t s  of a c c u r a c y  of so lu t ions  on g r id  mode l s .  

Th i s  l eads  to the conc lu s ion  that  g e n e r a l i z e d  funct ions  of t e m p e r a t u r e  make  p o s s i b l e  the ca l cu l a t i on  
of t e m p e r a t u r e  v a r i a t i o n  at c h a r a c t e r i s t i c  po in ts  of a r eg ion  for  any law gove r n i ng  boundary  condi t ions  at  the 

s u r f a c e s  of heat  exchange .  

G e n e r a l i z e d  funct ions  of t e m p e r a t u r e  p e r m i t ,  m o r e o v e r ,  the c a l c u l a t i on  of the t h e r m a l  e longa t ion  of a 
r o t o r  u n d e r  any t r a n s i t o r y  cond i t ions .  However ,  the ca l cu l a t i on  of t h e r m a l  e longa t ion  n e c e s s i t a t e s  the c o n -  
s t r u c t i o n  of m e a n  in t eg ra l  g e n e r a l i z e d  func t ions  for  ( individual)  c r o s s  s e c t i o n s .  Th i s  is  done in the s a m e  
m a n n e r  as the ca l cu la t ion  of ac tua l  t e m p e r a t u r e ,  except  that  m e a n  i n t eg ra l  g e n e r a l i z e d  func t ions  a r e  used .  
In th is  c a se ,  as in  the ca l cu l a t i on  of the t e m p e r a t u r e  f ie ld ,  a p i e c e - w i s e  l i n e a r  func t ion  a = f(T) with d e v i a -  
t ions  of a3i not  exceed ing  • of a c t u a l v a l u e s  is c o n s t r u c t e d  for a n u m b e r  of i n s t a n t s  of t ime  f r o m  obta ined  
v a l u e s  of heat  exchange  coef f ic ien ts  at  c h a r a c t e r i s t i c  po in t s  of the r o t o r  s u r f a c e .  Having d e t e r m i n e d  (~3i(Bii) 
fo r  the p i e c e - w i s e  l i n e a r  funct ion  a = f(T) and the d u r a t i o n  of cons tancy  i n t e r v a l s ,  we plot  the cu rve  of 
0-g = f(T) ca l cu l a t ed  for  a c r o s s  s ec t ion  f r o m  the m e a n  in t eg ra l  funct ions  O = f(Bi, Fo).  Knowing the law 
of v a r i a t i o n  of the r e l a t i ve  t e m p e r a t u r e  Og in  a s ec t ion  and the t e m p e r a t u r e  v a r i a t i o n  of the m e d i u m  t m  
= f(~-), we d e t e r m i n e  the m e a n  in t eg ra l  t e m p e r a t u r e  of a c r o s s  s e c t i on  at any in s t an t  of t ime  f r o m  

t (~) = 6g (~) [tm(~) - -  tr] t tr 
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Fig. 3. A) Generalized functions of temperature ~ = f(Fo) for points 

at the rotor surface in the region of front-end seal with Bi as param- 

eter [i) Bi = 130; 2) Bi = 28; 3) Bi = 9.9; 4) Bi = 8.1; 5) Bi = 2.5; 6) 
Bi = 0.61]. Dashedlines denote curves calculated in [2]. B) The same 
functions for points of the rotor bore in the region of diaphragm seals 
with Bi as parameter [i) a is poinl I00; b is point 98; c is point 92 

(Bi > 20); 2) dis point 88;e is point 86 (Bi = 10-12); 3) fis point i00; 

a is point 98 (Bi ~ 5.5); 4) b is point 86; g is point 88 (Bi ~ 2.7); 5) h 

is point i00; e is point 98 (Bi ~ 1.4)]. 
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Fig. 4. Temperature variation at characteristic points of a rotor 

under starting conditions with sliding parameters. A) Variation of 
the medium temperature and of the intensity of heat exchange in 
the vicinity of certain points of the rotor surface [(1)-(4) and (5)- 

(8) are, respectively, the heat exchange intensities and the tempera- 

tures of the medium at points: 49, 57, 65, and 171]. B) Variation of 
temperature at certain points of the rotor calculated by generalized 
formulas and electrical simulation under considered conditions [i) 

point i00; 2) point 96; 3) point 65; 4) point 171]; calculated curves 
are denoted by a; b denotes temperatures measured for simulation, 
t in ~ o~ in W/m 2 .deg. 

The c a l c u l a t i o n  of t h e r m a l  e l onga t i on  f r o m  known m e a n  i n t e g r a l  t e m p e r a t u r e s  p r e s e n t s  no f u r t h e r  
d i f f i c u l t i e s .  

Owing to t e c h n i c a l  c o m p l e x i t y  of t e m p e r a t u r e  m e a s u r e m e n t s ,  t h e s e  a r e  l i m i t e d  in p r a c t i c a l  i n v e s t i -  
g a t i o n s  of s t e a m  t u r b i n e s  to the d e t e r m i n a t i o n  of t e m p e r a t u r e  d i s t r i b u t i o n  a long  the c e n t r a l  b o r e  of the 
r o t o r .  
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Obviously, such temperature measurements do not provide exhaustive data on the thermal state of a 
rotor under transient conditions. The presentation of temperature fields in generalized functions widens 

the possibility of using the results of temperature measurements in central bores of steam turbine rotors 
for solving inverse problems of unstable heat conduction, and the subsequent determination of the tempera- 

ture field corresponding to actual conditions of heat exchange at the surface during a transient mode of 
operation. It should be noted, however, that this requires, in addition to measuring the temperature in the 

central bore of the rotor, the temperature of steam at the same cross sections of the working part of the 

r o t o r  to be m e a s u r e d ,  s i n c e  the d e t e r m i n a t i o n  of  the r e l a t i v e  t e m p e r a t u r e  Og n e c e s s i t a t e s  Lhe knowledge  
of  the t e m p e r a t u r e  v a r i a t i o n  at  a g iven  po in t ,  a s  wel l  a s  tha t  of  the t e m p e r a t u r e  of the  m e d i u m  in the  v i c i n i t y  
of tha t  p o i n t .  

The c u r v e s  of g e n e r a l i z e d  func t ions  of t e m p e r a t u r e  a p p e a r i n g  in F i g .  3B fo r  p o i n t s  of the r o t o r  c e n t e r  
b o r e  in the  zone of d i a p h r a g m  s e a l s  show tha t  an e r r o r  of 1% in the de f in i t i on  of  the  r e l a t i v e  t e m p e r a t u r e  
0g, even  fo r  an  i n t e n s i t y  of hea t  exchange  c o r r e s p o n d i n g  to a / k  ~ 5.0 m -1, r e s u l t s  in an  e r r o r  of an o r d e r  of 
10% in the d e t e r m i n a t i o n  of o~. F o r  a hea t  exchange  i n t e n s i t y  i n c r e a s e d  to a / k  ~-- 30 m -1 the s a m e  e r r o r  
in the  m a g n i t u d e  of  the  r e l a t i v e  t e m p e r a t u r e  l e a d s  to an  e r r o r  of the o r d e r  of 20% in the de f in i t ion  of o~. 
H o w e v e r ,  m e a s u r e m e n t s  of  t e m p e r a t u r e  i n s ide  the bo re  a s  the hea t  exchange  i n t e n s i t y  is  i n c r e a s e d  up to o~ 
/ ~  >- 50 m -1 l e a d  to the conc lu s ion  that  the hea t  i n t ens i t y  at  the s u r f a c e  is  above  th i s  l e v e l ,  s i n c e  f u r t h e r  
i n c r e a s e  of the h e a t  exchang~ in t ens i t y  has  v i r t u a l l y  no e f f ec t  on t e m p e r a t u r e  v a r i a t i o n  in the r o t o r  b o r e .  

U 

U r  

U m  
t r  

t m  
Bi  = ~ r / X  

o~3 i 

N O T A T I O N  

is  the i n s t a n t a n e o u s  p o t e n t i a l  at  a g iven  po in t  of  the m o d e l ,  %; 
i s  the i n i t i a l  p o t e n t i a l  a t  a g iven  po in t  of the m o d e l  c o r r e s p o n d i n g  to  a u n i f o r m  d i s t r i b u t i o n  o r  
a s t e a d y  s t a t e ,  %; 
i s  the p o t e n t i a l  of the m e d i u m  in the v i c i n i t y  of a g iven  po in t  of the m o d e l ,  %; 
i s  the i n i t i a l  t e m p e r a t u r e  at  a g iven  po in t  c o r r e s p o n d i n g  to a u n i f o r m  d i s t r i b u t i o n  o r  a s t e a d y  
s t a t e  ; 
is  the t e m p e r a t u r e  of the m e d i u m  in the v i c i n i t y  of the  g iven  po in t ;  
i s  the Blo t  n u m b e r ,  w h e r e  r i s  the e x t e r n a l  r a d i u s  of the r o t o r  t a k e n  as  the r e f e r e n c e  d i -  
m e n s i o n ;  
is the  h e a t  e x c h a n g e  c o e f f i c i e n t ;  
i s  the  a p p r o x i m a t i n g  va lue  of  the  hea t  exchange  c o e f f i c i e n t  whose  d e v i a t i o n  f r o m  a c t u a l  v a l u e s  
does  not  e x c e e d  •  

1. 

2 .  
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